Finding Antiderivatives ( Section 7.1) Date:

Up to this point in the course, one of our major problems has been
Given a function f, find the derivative .

We needed to be able to find the derivative of a function, before we could use it!

Today, we are going to look at the opposite problem, which also occurs in many applications.
Given the derivative *, find the fanction f.

or we could state this vq_ozoa_ as:

Given a function f, find the function F, such that F’ = {.

Examples:

L. If £'(x)=20x", then f(x) =

A question about this answer. Is this a unique answer?

So, we say the antiderivative to £'(x)=20x" is f(x) =

This solution represents a “family of functions” for the antiderivative and is called a “general
antiderivative”. The C is called the “constant of integration” and should be part of every answer to an
antiderivative problem. (We will talk about finding “C” later.)

2. K f(x)=x*, then F(x) =

3. If f(x)=x", then F(x) =

4. If f(x)= .mﬂ = , then F(x) = =
X

5. If f(x)= ok = , then F(x) = =

Before we write this as a property, let’s discuss some new notation.

Derivative Notation

1. Ffx)=x*,then P(x)=___ 1. If f(x)=x", then F(x) =
2 S(e)=__ 2. [xtdx =
dx
This is called an indefinite integral.
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So, in general, ,_.x_, dx = . This is called the Power Rule for Antiderivatives.

But be careful! What happens if n =-1? ._..H..n_x = ._. X dx =
X

We will handle this later!

Let’s find some more antiderivatives, and, from the results, perhaps obtain some properties of indefinite integrals.

Examples and Properties: (Assume k is a constant)

1L [7dx=_ | Property: [kdx =
2. [5x7dx = Property: [(k-f(x))dx =
3 .:mluxm+xmvax = Property: ._.A:xv.l_.m?vv&n =

Note: Every derivative property has a corresponding antiderivative property!

4. b.n_du =

5. ._.oe.ax = Property: ._.o_uax =

‘ . ) .
There is one more antiderivative property we need. What is .— Max = .T 'dx ? As we have seen, we can’t apply t* °

Power Rule because

N |
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But, this is only true if x > 0, since Inx is only defined for x > 0. What happens if x<0?

If x <0, then Inx ‘ , SO %Iu_zuv

But, if x < 0, then In(-x) is defined, and

MWA_:TQ = =

1

This means that if x > 0, then ,.‘Iauu_ﬁtn.mnaxon.Eg ._.W&n =In(-x) +C .
: X X

Can we combine these two so that we are always taking the In of a positive number? Yes, let the answer to the
integral be : :
In +C.

So, the last antiderivative property says:

Property: .-.Wn_u =

One final topic. We know that the general antiderivative of

f(x)= Wl 4x is F(x) =

What would we need to find the specific antiderivative; i.e. what do we need to find the value of C?

So, if we were given that f(x)= 3_ 4x , and F(1) = -10, where F is the antiderivative of f, find the specific
x

antiderivative of f(x)?

Therefore, if f(x)= Wi 4x and K1) = -10, then F(x) =
X
Example: If f(x)=e” —9x* and F(0) = 4, find F(x), the specific antiderivative of f(x).
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Finding Antiderivatives by ( Section 7.2) Date:

the “Substitution Method”

In the last class we learned how to find antiderivatives of some functions. .ia learned that:

1. ._‘.:“I.nlax =

2. ._.&ou,nx =

3. ;fw%

Today, we want to increase the types of functions for which we can find antiderivatives.

Before we get into this “method” for finding antiderivatives, we need to understand a few basic concepts.

1. If y =f(x), then M|x|u , OF we can write dy =

Note: “dy” is called the differential of y,

2. If w=g(x),the dw =

3. If .q f(x)dx = h(x) + C, then ._ f(w)dw =

Which antiderivative appears to be easier to find?

Lo f(x*+1) dx 2. [3(x*+1) dx

To answer this question, we need to find a function such that:

1. n_lgu unTu+&m or 2. mnwA vuuxu?u+&m

The result of the second problem is:

_.uxn Tm + &m dx =
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Note: The only way to find the first antiderivative, x*+1 ¥ dx , is to expand the integrand, and write it as:
pan gran

3 6 __18 15 12 9 5 3 CE e 1
(x> +1)° = x® +6x** +15x'* +20x’ +15x° +6x* +1 and then find the antiderivative of cach term!

Another example: Since Tom vu : , We can write
. X }

So, our objective is to be able to find an antiderivative of a function such as ._.Na eXdx.

This results in a technique for finding antiderivatives called the Substitution Method. (Itis the Chain Rule for
derivatives in reverse.) For an indefinite integral such as:

‘—Nu .e" dx , the idea is to look for an “inside function”. For this example the inside function is

So, we make a variable substitution and let w = . This means dw =

We then express the integrand in terms of w.

._.Nx.omax =

The next step is to find this antiderivative of the function written in terms of w.

And then, we rewrite the answer back in terms of x.

Therefore, .—Ma.nm& =

Finally, you can always check your answer by finding it’s derivative!
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Let’s try another example.

Find Tx&ﬂ +5 dx

Let’s make a small change to the above problem. Suppose we are asked to find

‘_.xu.gﬂ +5dx

Some more examples.

Find the following antiderivatives.
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3. b.n.un&n

4, ._.xn x> -10 dx

Note: If problem #4 above said _.aahu —10 dx , we would not be able to find this antiderivative by the
Substitution Method!

So, to summarize the Substitution Method for finding antiderivatives,

1. We make a variable substitution and let w equal an “inside function”.
2. We then find dw, and see if the Substitution Method applies.
3. If it does, we then express the integrand in terms of w.

4. We then find this antiderivative of the function expressed in terms of w.

5. Finally, we rewrite the answer back in terms of x.

It’s now time for you to practice!
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Evaluating Definite Integrals ( Section 7.3 ) Date:
The Fundamental Theorem of Calculus

An introductory example:

Find the area of the region bounded by the function f(x)=9- x” and the x-axis. Sketch the region below.

Area of the region =

Could we calculate this area with geometry?

Actually, we can! Archimedes discovered that the “area under a parabola” can be found by the formula:

Area= .wl Base - Height .

So, the area of the region is

But the objective of this lesson, is to discover how to evaluate definite integrals analytically, without our calculator.
This result is called the Fundamental Theorem of Calcunlus (FTC).

Let’s develop the FTC through an “application”.

Honors Physics student Kal Kulis is performing an experiment. He has set a motion detector on a table and it is
recording his distance in feet from the motion detector as he is walking away. He collects this data over a 10
second period, enters it into his calculator, and graphs it. The result is shown below.

The graph shows a Distance vs. Time graph. Kal, being also an excellent
L mathematics student, wants to find a function that models the graph. He
decides that the data might be modeled by a cubic function, so he performs a
cubic regression on his calculator, and gets a perfect fit!

His function, which represents his distance s(t) from the motion detector at
any time tis:

s(t) = %..m - +4t+5
Questions:

1. How far did Kal walk over the 10 second time interval?

2. Recall that a velocity function is the derivative of a distance function. Sketch a graph of the velocity function
below.
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3. What is the velocity function for Kal’s distance function s(t) = mm.nu ~t2+4t+57

v(t) = (This is the function we graphed in part 2.)

4. Since the velocity function is a “rate of change” function, how could we use it to determine how far Kal walked
over the 10 second time interval?

Let’s calculate it (with our calculator) and see what we get!

So, here’s what we just discovered.

And, since the velocity v(t) is the derivative of the distance s(t), then the distance s(t) is the
of the velocity v(t).

Let’s generalize this result.

b
i F(x) is the antiderivative of f(x), and we are asked to evaluate .—. f(x)dx , we can do this by writing

[ fedx =

This is called the Fundamental Theorem of Calculus, and we can use it to evaluate definite integrals, if we know
how to find the antiderivative of the integrand.

Let’s evaluate the definite integral —.w ? - unv&n , which we used in the “introductory example” with the FTC and
see if we get the same answer (which was 36).
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Some more examples:

Evaluate the following definite integrals with the FTC.

1. ﬁ,h dx

3. [ (5e* +6x)dx
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In conclusion, The Fundamental Theorem of Calculus states:

If f(x) is a continuous function on the interval [ a, b ], and F(x) is the antiderivative of f(x),

b
then ._.. f(x)dx =

We have actually used this earlier, when we did Section 5.4: Interpreting the Definite Integral.

Example #1: Assume f(t) = 60t gives the rate of change of the population of a city, in people per year, at time .
years since 1990. If the population of the city is 3000 in 1990, what is the population in 2000?



The FTC with the Substitution Method ( Section 7.3 continued ) Date:
The last two sections presented in the course were:

1. Finding antiderivatives with the Substitution Method.
2. Evaluating definite integrals using the Fundamental Theorem of Calculus

Today, the last day(!), we are going to combine these two topics. In other words, how do we use the FTC to
evaluate a definite integral if it is necessary to use the Substitution Method to find the antiderivative.

There are two methods that we can use to do this. Let’s look at an example.

Example:
Evaluate: ._Hx?u + &uax

Method #1: To evaluate this definite integral using the FTC, we first need to find an antiderivative of the
function f(x)= xTu + _% , which requires the Substitution Method. So, let’s first treat the problem as an

indefinite integral (antiderivative), and find:

.?TN + &wau =

Now, that we have the antiderivative, we can find the definite integral.

_..x?n + &u dx =

Note: Check the answer with your calculator.

Method #2: Once we have established the “change of variable” in the definite integral, and we have
written the antiderivative in terms of the new variable, we can also rewrite the limits of integration in terms
of the new variable.

._.,“w?u + &w dx

With this method, we do not convert the antiderivative back to the original variable.
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Let’s try some more examples to get some practice.
Examples and Practice Problems:
Analytically, evaluate the following definite integrals. You can then check answers with your calculator.

1. .—epuu L_ +x’dx

» ._L dx
) on.*._

2 dx

>4 (3-5x)




3 6x
5, _‘:Ni&

6. A bacteria population starts with 400 bacteria and grows at a rate of r(t) = 460¢e"*" bacteria per hour.
How many bacteria will there be after 3 hours?
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